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Donnan Dialysis with lon-Exchange Membranes.
l. Theoretical Equation

HIROFUMI MIYOSHI

RESEARCH INSTITUTE FOR ADVANCED SCIENCE AND TECHNOLOGY
OSAKA PREFECTURE UNIVERSITY

1-2, GAKUEN-CHO, SAKAL OSAKA 593, JAPAN

ABSTRACT

The transfer of ions through ion-exchange membranes was investigated theoreti-
cally for Donnan dialysis. By applying Fick’s equation and no electric current to
the flux through the ion-exchange membrane on Donnan dialysis, and by changing
the valences of feed and drive ions, three kinds of equations were derived: 1) feed
ions and drive ions are of equal valence, 2) feed ions are monovalent and drive
ions are bivalent, and 3) feed ions are bivalent and drive ions are monovalent.
The equations were evaluated by use of a computer by the Runge-Kutta method.
The relation between the valence of ions and the characteristic coefficients of the
membrane became apparent from the calculated resuits.

INTRODUCTION

Ion-exchange membranes have been used industrially for separation by
electrodialysis (1-3), diffusion dialysis (4, 5), and Donnan dialysis (6, 7),
offering the advantage of allowing continuous separation without a change
of phase. Donnan dialysis is an important form of separation with ion-
exchange membranes because it does not require the application of an
electric current, as does electrodialysis, and it can be applied to drug
delivery, which has recently attracted worldwide attention. The transfer
mechanism of Donnan dialysis is very complicated, involving an electric
potential during the diffusion of ions, and has not been fully clarified.

The transfer of ions in the ion-exchange membrane on Donnan dialysis
is usually represented by the Nernst—Planck equation, which takes into
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consideration both Fick’s equation and the electric potential. But the
Nernst—Planck equation is very complex because it contains the electric
potential. Thus, a simple equation which considers Fick’s equation and
no electric current is derived in this study. The equation includes the
characteristic coefficients of the ions and the membrane, and it represents
the relationship between the concentration in the solution and time.

THEORETICAL EQUATION
General Formula

The simulation of Donnan dialysis with an ion-exchange membrane is
shown as Fig. 1, in which the membrane separates cells I and II. It is
assumed that ions move only in the direction of the thickness of the mem-
brane (x-axis), and the mass transfer coefficients in both boundary layers
throughout the solution on the surface of the ion-exchange membrane are
much larger than that in the membrane M, because the solution in both
cells is stirred very well, making the thickness of the boundary layer of
the solution negligibly small.

When the concentration of the solution in cell T is different from that
in cell II, in general, the flux (J4) of A?%-ions with valence z and that
(Jg) of B#B-ions with valence zg in the membrane are represented by Eq.
(1) from Fick’s equation.

Car : Cant
—td t
. CB] !- :
|

FIG. 1 Simulation of Donnan dialysis with ion-exchange membrane. Caj, Can, concentra-

tions of feed ions in cell I and cell 11, respectively; Cgy, Cru, concentrations of drive ions

in cell I and cell II, respectively; F, boundary layer; I and 11, cells; M, ion-exchange mem-

brane; ga1, gau, concentrations of feed ions at the surface of the membrane in cell I and

cell 11, respectively; gg1, g, concentrations of drive ions at the surface of the membrane
in cell 1 and cell 11, respectively.
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(1
_ dqgs
Jg = —=Dp e

where J, D, and q are flux, diffusion coefficient, and concentration in the
membrane, respectively.

It is assumed that the concentration of the drive ions (B?E-ions) in cell
I1is much higher than that in cell I as shown in Fig. 1, but the concentration
of feed ions (A**-ions) in cell I is approximately equal to that in cell II.
In this case, B?B-ions diffuse from cell I1 to cell I through the ion-exchange
membrane, many B?®-ions exist on the surface in cell I, and B*®-ions can
no longer diffuse from cell II to cell I by Donnan equilibrium. However,
in this time, when the same quantity of A**-ions as that of B*B-ions trans-
ferred has moved from cell I to cell II, B*B-ions again become able to
diffuse from cell II to cell 1. The diffusion of BZB-ions depends on that of
A%A.jons, and vice versa. Therefore, by the diving force of B#2-ions, A¥A-
ions are pumped from cell I to cell 11.

Moreover, with no electric current, the relation between J, and Jg is
represented by

ZaJa + z8Jg = 0 (2)

From Egs. (1) and (2), the fluxes of A#*-ions and B#B-ions in the mem-
brane on Donnan dialysis can be represented by

2aDa % zsDs iCI_B

wla = =75 VT3 ik 3
. = 2aDadas  zsDs dgs
BB = Ty 2 dx

This equation, a fundamental equation for Donnan dialysis, is derived
by using the Fick’s equation and no electric current.
Boundary conditions are expressed by Eq. (4).
ga = gal at =
4B = {BI at
da = dan at
ds = (Bu at

“4)

LR
N~ o o

where L is the thickness of the membrane.
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Equation (3) integrated by using Eq. (4) is described by

zaD zsD
zada = —";L—A (gau — gqar) + ’};TB‘(CIBH — gg1)

(5)
zaD zsD
zpdp = —éZL—A (gan — qay) — %L‘E(CIBH - CIBI)
In an electric neutral condition, the concentration of all counterions in
the membrane (zaga and zggg) is equal to that of the fixed ions, that is,

the exchange capacity (Q). Thus, the relationships of the concentrations
at the surfaces of the membrane in cell I or cell II are represented by

Zagar + zqe1 = @ at x=0 ©)
Zagan + Zsgsn = Q at x =1L

Substitution of Eq. (6) into Eq. (5) gives

D, + D
Ja = —"‘A—ZL——B (ganr — gan)
7N
Da + D
Jg = __A_i__g (gBu ~ g1

This equation shows that for Donnan dialysis the flux of ions in the mem-
brane is represented by the reciprocal of the thickness of the membrane
and by the product of the mean values of the diffusion coefficients of AZ4-
ions and B“B-ions and the difference between the concentrations at both
surfaces in the membrane of cells I and II.

On the other hand, the flux of A##-ions through the ion-exchange mem-
brane (J) is equal to that in the solution, by the law of conservation of
mass. The relation between the flux in the membrane and the concentra-
tion in the solution is expressed by

_VidCar _ 7

S d A ®
YLI_ dCAH — J
S di A

where C is the concentration of the solution, and § and V are the area of
the membrane and the volume of the cell, respectively. Thus, the depen-
dence of the concentrations of A*4-ions in cell 1 and cell 1I on time is
represented by
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_ﬁ dCA[ _ _DA + DB _
S “dr oL (gau gar)

®
_‘é}chH _ _DA + Dg

S  ar 3L (gau — gan)

The concentration of all ions in the solution in cell I or cell II is ex-
pressed by Eq. (10). Because the quantity of A%*-ions transferred from
cell I to cell II is equal to that of B#B-ions transferred from cell II to cell
I, the total equivalent of ions in the solution in cell I or cell II is kept
constant:

ZaCa1 + z8Cp1 = C11 at cell 1

ZaCan + z8Csu = Ctu at cell I1 (10)

Moreover, the total concentration of AZ*-ions or B?P-ions in cell I and
cell II is constant:

Car + Can = Car at A%A-jons
Cg1 + Cgu = Csr at B?B-jons

(11
From Egs. (9) and (11), the relationship between the concentration of AZA-

ions in cell I and time is represented by

dCau _ (Da + D) S (Vy + Vu)( _ ) 12)
dr 4LV, Vy gau = qar

The selectivity coefficients (KB, and K%;)) on the two surfaces of the
ion-exchange membrane in cell I and cell II are represented by

zA zB
B _ 98BI Cii

Ki = & 5 at x=0
qEh Cah (1
K&u = 55 at x =L

zB ZA
dAn Ctn

Casel:za=25=2

It is assumed that a valence (za) of AZ*-ions is equal to that (zg) of
B#B.ions:

A =2 = 2 (14)
In this case, it is known that Eq. (15} is valid at z, = zgp (8-10).
KRI = K%n =K (15)
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From Eqgs. (6), (10), (11), (13), (14), and (15), the concentrations at both
surfaces of the membrane in cell I and cell II are represented by

_ QOCa _
dalr = Z(l _ KUZ)CAI + KI/ZCTI at x=0 (16)
N Q(Cat — Car) at v =L
dau = z(1 = KV2)(Cat — Ca1) + K"*Ctn
Substitution of Eq. (16) into Eq. (7) and rearrangement gives
Ja = (Da + Dg)Q Car
A 2L 21 — K"2)Cay + KV*Cny
(17)

_ CAT - CAI
z(1 = KY#)(Car — Ca) + K"*Crn
Moreover, substitution of Eq. (16} into Eq. (12) gives
dCa1  (Da + Dg)QS(Vi + Vi) H Car — Car }
B (1

dt 4LV Vy — KY2)(Car — Ca1) + KY*Cp
Car (18)
B {z(l — K")Ca; + K”ZCTIH
The integral condition of Eq. (18) is denoted by
Car = Cano at t=90 (19)

Car = Car at =1
The solution of Eq. (18) by using Eq. (19) is represented by
Z2(1 . Kl/z)z C
2K H(Cry + Cr) M

N z2(1 — KV?7)
KV#(Cr + Crn)?

- CAIO)2

{K'*C% — K"*C%y — z(1 — KV*)CnCart}
C1iCru (2

K"*(Cr + Crn)?

+ z(1 = K¥?)Cat} + K¥*C11 + Ctu)?*]

n (Cr1+ Cri)Car — CiCrn _ (Da + DB)QS(VI + Vu)
(Ct1+ CrinCaro — CriCru 4L Vivu

X {Car— Caro) — (1 = KV2) Car{2KV*Cry + 2K"*Cr1

x|

20
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Case 2: 2z, = 1and zg = 2

1t is assumed that the valence (z4) of A*2-ions is 1 and that (zg) of BZ®-
ions is 2, as represented by

ZA=1
21
zp =2

Substitution of Egs. (6), (10), (11), and (21) into Eq. (13) and rewriting
gives

0 - qar Chi
K§, = at x=0
Al qZAl Cr1 — Cax

Q0 - gan Cin
qlzul Cru — Can

(22)
at x=1L

B _
KA]I -

From Eqgs. (22), the concentrations at both surfaces of the membrane
at cell I or cell II are expressed by

_ (X7 + 40X)%° - X,

dalr = ) at x=0

(23)
2 0.5 __
gan = (Xn + 4QI§II) Xu at x =L
where X7 and Xy are defined by
¥ = Ca
! KRI(CTI - CAI) (24)
(Cat — Ca1)?

XII

= KZu(Ctu — Car + Cay)
Thus, Eq. (7) substituted by Eq. (23) is expressed by

Dy, + D
Ja = '(‘—AT‘B—) {(XT + 40X1)°° — X1} — {(X]h + 40Xu)*° — Xull
(25)
Equation (12) substituted by Eq. (22) is represented by
dCa1 _ (Da + Dg)S(Vi + Vi) (26)

dt 8LV, Vy
X {(XT + 40Xu)%° — Xu} — {(XT + 40X)°° - Xi}]
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Case 3:za=2andzzg = 1

It is assumed that the valence (z,) of A#*-ions is 2 and that (zg) of B*B-
ions is 1, as denoted by

Za = 2
" @7
i = 1
By substitution of Egs. (6), (10), (11}, and (27), Eq. (13) can be represented
by

B _ (Q - ZQAI)Z Cas

K t = (
Al gal (Ct1 — 2Car)? a o 28)
_ 2
K&u = (Q = 29an) Can at x=1

qdAau {(Crn — 2CAII)2

From Egs. (28), the concentrations at both surfaces of the membrane
at cell I or cell II are expressed by

Yl . (Y% — 16Q2)0.5

gar = 3 at x=0
(29)
—_ —_ 230.5
Gan = 22 (Y%‘S 1607 at  x=1L
where Y1 and Yy, are defined by
~ 2Car)?
= g + kg G- 2oa
(Ctu — 2Cat + 2Car)?
— B
T =40+ K e = G
Therefore, Eq. (7) substituted by Eq. (29) is expressed by

D.+ D
ga = PAZDY v (v - 16020 - (Y — (Y - 1607
(31)
Moreover, Eq. (12) substituted by Eq. (30) is represented by

dC ax _ (Da + Dg)S(Vi + Vi)
dt 32LV Vi (32)

X [{Yu — (Y& — 160%)°°} — {¥1 — (YT — 160%)*°}]

Equations (18), (26), and (32) represent the relationship between the
concentration (Ca;) of A**-ions in cell I and time (¢). They are derived
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by using Fick’s equation and no electric current, and will be readily ana-
lyzable by use of a computer.

THEORETICAL VALUES
Conditions for Calculation

To evaluate Eqgs. (18), (26) and (32), the exchange capacity of the ion-
exchange membrane (Q), the dimensions of the equipment for Donnan
dialysis (L, S, and V), and the initial concentration of ions in the solution
in each cell (Caio, Cano, Ciio, and Cgro) are assumed to have the values
shown in Table 1. The valence of ions, diffusion coefficients of A#*-ions
(D4) and B#B-ions (Dg) in the ion-exchange membrane, and the separation
factor (a8) employed for calculation are shown in Table 2. The values of
the separation factor are adopted by reference to values measured previ-
ously (8-10). The relationship between the separation factor and the selec-
tivity coefficient (K8) is represented by Eq. (33) (10):

B _ (zBgB)** (zaCa)*®
47 (zaga)®® (zaCr)™A

zB—-zA
g

where Cr is the total concentration of ions in the solution in each cell;
that is, Ct; or Cty as defined by Eq. (10).

K

(33)

Results

Figure 2 shows the relationships between ¢ and Ca;/Caio which were
calculated from Eq. (18) or (20) by the Runge-Kutta method by use of a

TABLE 1
Exchange Capacity of the Ion-Exchange
Membrane, Values of Equipment, and Initial
Concentration

Q = 2.0 kmol'm~3
L=15%x10""%m
Vi=Vp=20Xx 1074 m?
S =230x10"3m?

Cal = 0.01 1(1’1'101‘11173
Can = 0.01 kmol'm 3
Cp =0 kmol'm 3

Cgn = 1.0 kmol'm~3
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TABLE 2
Values of Valence, Diffusion Coefficient, and Separation Factor of Ions for Evaluating
Egs. (18), (27). and (30}

Da x 101 Dg x 10"

Run Za Zn (m>s™ ") (m*s~1) af
1 1 1 1 0.1 {
2 1 1 1 1 1
3 1 1 1 10 1
4 { 1 0.1 1 1
5 1 1 10 1 1
6 2 2 1 1 1
7 1 2 1 1 10
8 2 1 i 1 0.1
9 1 1 1 1 0.1
10 i 1 1 1 ;0

computer for the cases of Runs 1-5 in Table 2 for za = zg = 1. It was
found from Fig. 2 that Ca;/Ca1o decreased with an increase of ¢. The flux
increased with an increase of the diffusion coefficients from 0.1 to 1 to
10 x 10~ "' m?-s ~! because the value of Cai/Caio at each time decreased
with an increase of the diffusion coefficient.

When D4 isequalto Dgandis | x 10~ ' m?-s~!, the calculated relation-
ships between ¢ and Ca1/Caio are as shown in Fig. 3, in which only the

1.0 LA BN N BRA BN B
\ ]
\
ol AN
\ |
e - \ —
4 : \
O 0S5k
™~ X \\ —J
< b N
S = S ]
~
- ~
\\\-‘
0 I 1 --|~--1--r 4 I 2XRY 3T
0 1 2
t x1004  (s)

FIG. 2 The relation between time (1) and the dimensionless concentration (Cai/Cajo) cal-
culated from Eq. (18) or (20) at z4a = zg = 1. (-~ =), Runs 1 and 4; (——), Run 2; (---), Runs
3 and 5.
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Car/ Caro )

t x107%  (s)

FIG. 3 The dependence of 1 on Cai/Caio calculated from Egs. (18), (26), and (32) at Da

=landDg =1 % 107" m?>s~'. (—),Run20fz4 = land zg = 1; (---), Run 6 of z4

= 2and zg = 2; (--), Run 7 of za = 1 and zg = 2; (- -), Run 8 of za = 2
and zg = 1.

valences of A?#-ions and B?B-jons are changed from 1 to 2, respectively.
It is evident from Fig. 3 that the flux decreases with an increase of the
valence of ions from 1 to 2. Moreover, the flux in the case of 74 = zg =
1 is the largest of those calculated in this study.

In Fig. 2 the relationship between t and Ca1/Caio in Run 1 (Dy = 1
and Dg = 0.1 x 10~ m?>s~!) is equal to that in Run 4 (D4 and Dg

L0111 [T T T
AN ]
0 N
St — ‘- \ =
- - \\ .J
E . ~<
O 051 - ~ - —
~ - k \\\q
3 | ]
0 ] 1 1..3'--1---1---1--4“1--
0 1 2
t x1074 (s)

FIG. 4 The influence of t on Ca1/Caro calculated from Eq. (18) or (20) at za = zg = 1.
(---), Run 9 of a% = 0.1; (—), Run 2 of & = 1; (~-), Run 10 of & = 10.
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values inverted) where the sum of D4 and Dy is kept constant at 1.1 X
10~ m2-s~1, The same result is obtained in Runs 3 and 5 where (D, +
Dg) is kept constant at 11 x 107!* m?-s~'. If D4 is equal to Dg, the
separation factor (K§) of AZ4-ions to BZB-ions is mostly unequal to K§.
The influence of K& on the relationship between ¢ and Cai/Cajo is shown
in Fig. 4. Figure 4 shows that the flux at K& = 0.1 (i.e., o} = 0.1} is
larger than those at K& = 1 (o = 1) and K& = 10 (a8 = 10). Therefore,
it was found that the flux increased with a decrease of K&, that is, an
increase of the affinity of the feed ions (A##-ions) in the membrane com-
pared with the drive ions (BZ8-ions).

CONCLUSIONS

By applying Fick’s equation and no electric current to Donnan dialysis,
three equations which included the characteristic coefficients of the mem-
brane were derived for different valences of feed ions and drive ions: Eq.
(18) or (20) in the case of zao = zg, Eq. (26) in the case of zo = 1 and zp
= 2, and Eq. (32) in the case of za = 2 and zz = 1. The relationship
between the valence of ions and the characteristic coefficients of the mem-
brane became apparent by the results calculated from Egs. (18), (26), and
(32).

SYMBOLS

concentration in the solution (kmol-m~3)
diffusion coefficient (m?-s~!)

flux (kmol'm~2s~1)

selectivity coefficient (—)

thickness of the membrane (m)

exchange capacity of the membrane (kmol-m™~3)
concentration in the membrane (kmol-m~3)
area of the membrane (m?)

time (s)

volume of cell (m?)

distance from the surface of the membrane (m)
defined by Eq. (24) (—)

defined by Eq. (30) (—)

valence (—)

NogE e e RONRSNTO

Greek Letters

a separation factor (—)
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Subscripts
A feed ions
B drive ions
1 value in cell I
1I value in cell II
T total value
REFERENCES
1. H. Miyoshi, T. Fukumoto, and T. Kataoka, Sep. Sci. Technol., 23, 585 (1988).
2. H. Miyoshi and T. Kataoka, Ibid., 24, 507 (1989).
3. A.T. Cherif, A. Elidaoui, and C. Gavach, J. Membr. Sci., 76, 39 (1993).
4. H. Miyoshi, T. Fukumoto, and T. Kataoka, Desalination, 48, 43 (1983).
5. C. H. Hamann, V. Theile, and S. Koter, J. Membr. Sci., 78, 147 (1993).
6. R. W. Wallace, J. Phys. Chem., 68, 2418 (1964).
7. C.-C. Ho, D.-S. Jan, and F.-N. Tsai, J. Membr. Sci., 81, 287 (1993).
8. H. Miyoshi, M. Yamagami, and T. Kataoka, Chem. Express, 5, 717 (1990).
9. H. Miyoshi, M. Chubachi, M. Yamagami, and T. Kataoka, J. Chem. Eng. Data, 37,
120 (1992).
10. H. Miyoshi, M. Yamagami, M. Chubachi, and T. Kataoka, Ibid., 39, 595 (1994).

Received by editor October 31, 1995



